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Abstract 

We discuss a covariant functional integral approach to the quanti- 
zation of the bosonic string. In contrast to approaches relying on 
non-covariant operator regularizations, interesting operators here are 
true tensor objects with classical transformation laws, even on target 
spaces where the theory has a Weyl anomaly. Since no implicit non- 
covariant gauge choices are involved in the definition of the operators, 
the anomaly is clearly separated from the issue of operator renormal- 
ization and can be understood in isolation, instead of infecting the 
latter as in other approaches. Our method is of wider applicability 
to covariant theories that are not Weyl invariant, but where covariant 
tensor operators are desired. 

After constructing covariantly regularized vertex operators, we de- 
fine a class of background-independent path integral measures suit- 
able for string quantization. We show how gauge invariance of the 
path integral implies the usual physical state conditions in a very con- 
ceptually clean way. We then discuss the construction of the BRST 
action from first principles, obtaining some interesting caveats relat- 
ing to its general covariance. In our approach, the expected BRST 
related anomalies are encoded somewhat differently from other ap- 
proaches. We conclude with an unusual but amusing derivation of the 
value D = 26 of the critical dimension. 
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1 Introduction 



We discuss the covariant functional integral quantization yy of the bosonic 
string. Our approach is to take the functional integral seriously in the spirit 
of Fujikawa [210], and to construct a covariantly regularized theory based on 
the methods introduced by Pauh and Villars PIUEIIE]- 

Our purpose is twofold. First, to show how familiar results in string the- 
ory can be recast in a covariant framework that that has conceptual and 
practical advantages over non-covariant approaches to operator regulariza- 
tion. And second, to illustrate in a simple setting some techniques for defining 
background independent functional integrals in generally covariant theories. 

In our covariant approach, we find the same physical anomalies as in 
existing non-covariant approaches [HI El El El El El • However, the anoma- 
lies are manifested in the formalism in a different way that is often quite 
illuminating. 

One of the main practical advantages of the covariant approach over the 
alternative operator approaches is that it permits one to construct interesting 
quantum operators that are finite, true covariant tensor objects, even in the 
presense of anomalies. There are no implicit gauge choices incorporated in 
our regularization, as in the non-covariant approaches. While this distinction 
is not that important for the critical string, it is of interest in the wider 
context of quantization of curved space-time theories that are not necessarily 
Weyl-invariant . 

The covariant approach directly relates the anomalies to a failure of Weyl 
invariance at the quantum level. In contrast to the non-covariant approaches, 
this Weyl dependence is fully explicit in the action, and is not hidden in the 
measure or the regularization. 

We show that anomalies are encoded in the fact that the trace of the 
energy momentum tensor (which is now a true tensor object) is not zero, but 
contributes contact terms when contracted with various operators. 

In the familiar non-covariant regularizations, it is much more difficult 
to disentangle effects of the quantum gauge transformations from the im- 
plicit gauge choices that are made in the choice of regularization. In these 
approaches, operators defined in different coordinate frames are typically 
related not only by a coordinate transformation but also by a potentially 
anomalous gauge transformation. Disentangling the various contributions 
requires some gymnastics, and becomes conceptually quite involved. Indeed, 
it is often quite non-obvious whether the coordinate dependency introduced 
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via a given operator regularization is in fact equivalent to a choice of gauge. 
If it is not, any quantum consistency conditions derived from them would 
be spurious and meaningless. The covariant approach of this paper does not 
suffer from this problem. 

For these reasons, it is our hope that the covariant approach may be of 
some conceptual usefulness in the study of conformal field and string quanti- 
zation. Our construction of background-independent path integral measures, 
and of the BRST action in the covariant approach, may have wider applica- 
tion in generally covariant theories. 

The organization of the paper is as follows: 

We first discuss the construction of covariantly regularized vertex oper- 
ators. In contrast to existing approaches, these operators are true tensors 
satisfy classical Ward identities with respect to the energy-momentum tensor, 
which is a true covariant object. 

After discussing the construction of background-independent path inte- 
gral measures, we are ready to move on to string quantization. We show 
how gauge invariance of the path integral implies the usual physical state 
conditions in a way that is conceptually quite clean, if somewhat techni- 
cally demanding. The correspondence with the Virasoro conditions is then 
demonstrated, and is rather indirect. 

We then discuss the construction of the BRST action from first principles. 
Important in the current approach is the issue of background invariance of the 
BRST action, which we discuss rather carefully. We also discuss anomalies 
from the BRST point of view. In our approach, the BRST current is a true, 
non-anomalous tensor object, and the expected anomaly and physical state 
conditions are encoded differently from the operator approach. Their most 
natural expression in the formalism is in terms of the effective action and the 
antibracket. 

For completeness, and because the calculation is sufficiently different from 
other approaches to make it interesting, we conclude by deriving the value 
D = 26 for the critical dimension. 

This paper relies extensively on the techniques and results of (Tj. 

2 Finite vertex operators and states 

In this section we discuss a useful covariant renormalization of vertex opera- 
tors in the covariant functional integral approach introduced in reference P]. 
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We will assume the form of the action introduced in that reference, which is 
the {X, x) part of the full string action derived later and given by formula 
()34|) . Here the X are the matter fields and their Pauli-Villars partners are 
denoted by Xi- 

To illustrate how vertex operators may be renormalized in a coordinate- 
invariant way in the Pauli-Villars formalism, consider a path-integral calcu- 
lation of the state corresponding to the operator 



Here the Xi range over the Pauli-Villars regulator fields, and the rji are com- 
plex numbers. Some of the Xi are commuting real scalars, and some are 
complex Grassmann scalars p. We require 



We shall show that this expression will provide a full renormalization of 
the undressed insertion e^''^ once the masses of the regulator fields and the 
constants rji have been chosen to make path integrals containing it finite. 

To obtain the state corresponding to this vertex operator, we need to 
calculate the path integral 



where the path integral is taken over configurations of the fields on the unit 
disc D with boundary dD to obtain a functional of the boundary configura- 
tion (Xfc, Xb) of the fields.^ At this point we ignore the ghost contribution, 
which will be discussed later. 

In a careful definition of the path integral measure was provided. 
It was shown there that the full measure, after including the Pauli-Villars 
contributions, is invariant under arbitrary variations of the metric, and also 
separately under arbitrary diffeomorphisms acting only on the fields. Putting 

^Our normalization of the action corresponds to replacing ct' ^ 57- 



rji = 0, for Xi Grassmann. 
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these two facts together, it follows that the measure is invariant under full 
diffeomorphisms and Weyl transformations, a desirable property for a con- 
formal field theory. Note that this measure differs from the usual Fujikawa 
measure for X only, which is not conformally invariant. 

Writing X — Xc -\- X where Xc is the extremum of the term in the 
exponent with Xc{dD) — X^, and X{dD) — 0, the path integral over X is 
Gaussian and contributes an overall normalization, and we obtain the matter 
contribution 

The stationary configuration Xc is obtained by varying X in the bulk of D 
to get 

-4 ddXc + m'^Xc - ik S\x) = 0. 

This is solved by 

n>0 

in the limit as m ^ 0, remembering that Ko{mr) — >■ — In mr as m — >■ 0, or 
simply noting that dd In zz = n6^{x). 

Note that the extremum X^. is complex, so that the above decomposition 
X = Xc + X , with X real, describes an integration path in field space that 
has been displaced away from the real line. It is straightforward to convince 
oneself that, as in the one- dimensional analogue 

/oo poo+ib 
dze-"'^ = / dze-"'', 
■oo J —oo+ib 

such a displacement does not change the value of the integral, since no poles 

are crossed and the Gaussian decays sufficiently rapidly. 

Note, however, that the boundary values = 1) = Xh{z) of the field 

are constrained to be real, which implies that 

Xq = ^Inm^ + xo, 

4:71 

where xq is real, and we may write 

Xc^xo + y^ {z^X^ + z^X_^) -^Inzz 

n>0 
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Inserting the stationary solution, the path integral becomes 



Z e^^^° exp I -27r J] | exp | - i In 0^ | . 

The first two exponentials are just proportional to ^2] 

The term indicated by In 0^ in the last exponential would be divergent in the 
absence of the Pauli-Villars contributions. However, it is neatly canceled once 
we include the latter. For the Pauli-Villars fields, the stationary solutions 
may be approximated for large Mj by Bessel functions as 

n>0 

In the infinite mass limit, the Bessel functions tend to zero on the boundary. 
As a result, we get no expi/cxg contributions, in contrast with the field X 
above. The path integral becomes 

% I n>0 j I ^ i ^ 

The first exponent is proportional to the vacuum |0)py of the Pauli-Villars 
fields. The potentially divergent terms in the exponent contribute 

lim ( In - V 2 1]} K^^M^i 

= hm f In + r^f In M^r^ ) 
= E Vi In + lim + E j 1^ 



remembering that -K'o(Mr) — In Mr as r 0. Although we have arbi- 
trarily introduced an short-distance cutoff r, the Pauli-Villars result is inde- 
pendent of the precise cutoff method used once we take the continuum limit. 
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It is indeed this property of the Pauh-Villars regularization that makes it 
suitable as a non-perturbative, coordinate-invariant regularization. 
We now impose the conditions 

= 1 + E^'' (2) 

i 

^-T.v>% (3) 

i ^ 

on the coefficients T^j and the Pauli-Villars masses Mj. Here n is an arbitrary 
finite renormalization scale. These conditions can always be satisfied while 
taking Mj — » oo as long as there are enough Pauli-Villars fields. Since the 
parameter ii constrains the way we take the Mj — > cxo limit, the resulting 
path integral measure depends implicitly on In fact, we are really defining 
a one-parameter family of path integral measures depending on 
The above expression is then finite 

5;]r;f InMf = -ln//^ 

i 

and the final result of the path integral is proportional to 

Although the ^-dependent prcfactor is perfectly finite, physical states should 
not depend on the renormalization scale. We can indeed compensate the 
prefactor by instead considering the finitely renormalized insertion 

^fc2/47rgife(x+i:i%Xi) 

whose correlation functions will be independent of 
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3 Two-point functions 

Let us calculate the two-point function 

^^kl{x{w)+Y,^r,iXi{w)) gjfc2(x(0)+Ei r,iXi(0)) ^ 

via a path integral. The presence of the Pauli-Villars terms in the exponents 
will make the result finite without any additional renormalization. 
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We proceed as in the previous section. The stationary solutions now 
have two sources and the boundary conditions are different from those in the 
previous section. On the plane with vanishing boundary conditions on X 
and Xi &t infinity, the solutions are 



ik 



ik 



— In m^zz Inm'^iz — w)(z — w) 

Att Ait \ j\ j 



and 



X- = ^2r]iKo{Mi\z\) + ^2r]iKo{Mi\z-w\). 



Similar to (0), the result of the path integration is 

2 ^-S{Xc)+iki Xciw)+ik2 Xc{0) 

for the matter contribution, and similarly for the Pauli-Villars fields. After 
inserting the stationary solutions into this expression, we obtain 



7 J ^ ^ 

Z exp < 

2 4:71 



(iA;i)^lim( InmV^ - ^ 2 r/f Ko(Mir) j 
+2 {iki){ik2)(\nm'^ww - ^2?]"^ KoiMi\w\) 

^ i 

+ {ik2f lim ( In mV^ - S^2fjl Ko{Mii 



Assuming w 7^ 0, we now use 



lim Ko(Mi\w\) = 0. 



The total coefficient of In r is 



by the Pauli-Villars condition We obtain 



Z exp I ^ ^ (^{ki + k2f In + 2 fci^a In luw + {kj + kj) ^ r]^ In j | 



^^(fcl+fe2)V47r -kl/i-K -kl/i-K I |fcifc2/27r 
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where we have used the Pauh-Villars condition (jH)). 

We see that, as m — 0, the correlation function vanishes unless ki + k2 = 
0. The final result is finite, and is given by 

_ , J if 7^ fci + ^2 

U; I ^-q/4n ^-ki/A. |y^|fcifc2/2. if = fci + A;2 

As discussed in the previous section, the /i-dependent prefactors can be triv- 
ially compensated by a finite renormalization of the vertices, in which case 
the result becomes independent of /i. 

So far we have worked on the plane. We may add the point at infinity, 
in which case the only modification to the above analysis is the existence of 
a zero mode Xq over which we should integrate in the path integral. This 
would contribute an additional factor 

j dXo e^'=i^o+*'=2^« = 2Ti5{ki + A;2), 

to the above result. 



4 General vertex operators 

We now consider the construction of higher vertex operators in the covariant 
approach. These are obtained by multiplying derivatives of the fields with 
the tachyon. For example, the matter part of the graviton is of the form 

dxBx e'^^, 

where we have suppressed target space indices. In the path integral, these 
bare insertions are not finite due to self-contractions. In the covariant Pauli- 
Villars approach, we obtain a finite insertion by considering instead 

In addition to self-contractions already present in the exponential, which were 
shown to be finite in the previous sections, this insertion has derivatives of 
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self-contractions of the form 



ViXi 



\nzz 



. ^X^\). (5) 

But these are finite. Indeed, we have for small z, 
X + ^TlrXi\ {x + ^r],Xi\ 

\ i J z \ i / 0. 

-— ^In ra^zz + rjl In Mfzz^ 
Inm^ + ^r/^lnMfj + + 

2 

, m 
= In — + 0, 

becoming independent of z as 2; — > by the two previously introduced con- 
ditions on rji and Mj. This diverges as m — 0, but taking a derivative, we 
see that the desired contractions (0) are finite, indeed zero, independent of 
m, and the result follows. 

This is easily generalized, so that the replacement 

X ^ X + ^r,iXi 

i 

is sufficient to render the entire tower of vertex insertions finite. 



5 Covariant Ward identities 

In the previous sections, we saw that the full vertex insertion, including the 
Pauli-Villars contributions, is finite under suitable conditions on the Pauli- 
Villars masses. We will now show that the tachyon vertex satisfies the clas- 
sical scalar Ward identities with respect to coordinate transformations. We 
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will then relate these to the more familiar anomalous Ward identities found 
in the non-covariant operator formalism. 

The change of variables formula for the path integral under a deformation 
X — >■ X^ = X o f_x of the dynamic fields and their Pauli-Villars partners 
along a vector field v generating the flow x — * fx{x), where A is a real 
parameter along the flow, can be written as pQ 

[dX]'^yV\x) e-^(^''*''>^') = / [dX]pv V{x) e-^(^'^'>^), (6) 



where 

[dX]pv = [dX] A [dx] A [dx], 

and V'^ = V{X'^, x^, x^). It should be emphasized that we are not deforming 
the metric, so that the above transformation would be a classical symmetry 
only if V is conformal. However, the Ward identities below will be valid 
for arbitrary deformations v satisfying suitable boundary conditions. For 
example, on the plane, derivatives of v should vanish sufficiently fast at 
infinity, which excludes globally conformal v. 

The Ward identities are obtained from this formula by differentiating with 
respect to A. As shown in [T], the full measure [dXjp^/, due to the inclusion 
of the Pauli-Villars fields, is invariant under the deformation {X, x, x) ~^ 
{X^,X^,X^), and so independent of A. We therefore obtain, after differenti- 
ation, 

^^'(^)---) + ^ / d'y^h'^iy) {T,',{y)V\x)---) = 0, (7) 

where T^'- is the full energy-momentum tensor including the Pauli-Villars 
contribution, 

d 

-V\x) = -C,V\x) + —-C,g^^{x) 
d\ g^^ 

AT/A 

= -C^V\x) + —-h^^{x) (8) 



where denotes the Lie derivative, and 
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Since the metric is not being varied under v, operators depending on the 
metric need the second term on the right hand side of (jHI) to compensate 
contributions proportional to —C^gij- 

It is important to note that the transformation —C^V for V appearing 
in the Ward identity is the classical one, despite the fact that is a fully 
renormalized, finite insertion. This is not what one might naively expect from 
previous acquaintance with the operator formalism, where the Ward identity 
for V has an anomalous term, corresponding to the anomalous dimension of 
the operator. 

However, further thought shows that there is no contradiction. This 
formula is in fact correct in the full quantum theory, and is consistent with 
the operator formalism. To understand this, let us specialize to the plane, 
where dwdw^ = (fw, and consider the example 



We shall assume growth conditions on v so that the integrals on the right 
hand side exist and may be partially integrated without surface contributions. 
For example, on the plane, v may at most tend to a constant vector field at 
infinity. When we add the point at infinity to obtain the sphere, v must 
be everywhere defined, and includes the fields = a + bz + cz^ generating 
the group PSL{2, C) of unimodular Mobius transformations. However, we 
emphasize that this formula is valid for general v, not just holomorphic or 
conformal v. 

The consistency of the above result with the usual operator formalism 
may be understood by noticing that, although classically T^^, = 0, in a 
covariantly regularized quantum field theory T^u, can lead to contact terms in 
expectation values [H 113 UHl HZl d] • Such contact terms were obtained from 
axiomatic considerations in [1^1 CHI UTI and were discussed and calculated in 



V = 



for which the -Pjr term vanishes 



The above then becomes 
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much detail in PP using a covariant Pauli-Villars regularization. A similar 
calculation from first principles will be done below, but before we do that, 
we illustrate a simpler, though indirect, derivation of the contact terms. 

This proceeds by noting that the Pauli-Villars-regularized objects are by 
construction coordinate-invariant and finite. The above derivation of the 
Ward identity is therefore rigorous, and may be used as a starting point for 
inferring the contact terms. Taylor-expanding the exponential and perform- 
ing single and double contractions with T^z, we obtain, in the limit of infinite 
Pauli-Villars mass, 



and similarly for the product with T^jjijj. The final ellipsis stands for any 
terms that do not arise from self-contractions among fields in T^jyj e^^'^" , and 
may also contain terms proportional to Xi(^) whose matrix elements will 
vanish, in the limit of infinite Pauli-Villars mass, as long as no additional 
insertions are at z. For their explicit form, see the calculation later in this 
section. As above, T^w denotes the full energy-momentum tensor including 
the contributions of the Pauli-Villars auxiliary fields. 

The above calculation is familiar from the operator formalism, but de- 
serves a few comments in the present context. First, note that the insertions 
are already regularized, since divergences due to contractions of fields at the 
same point are cancelled by the contributions of the Pauli-Villars fields as in 
the previous section and reference ■l.j. It is important, though, to make sure 
that we are not overlooking contact terms due to contractions of Pauli-Villars 
terms in Ty^w with e^^-^' . This is easily verified for single contractions, where 
the relevant terms would be proportional to {dwXX) ~ dwKo^Mr). Since the 
Bessel function KqIMt) is positive and has area 27r/M^ in two dimensions, 
it tends to the zero distribution as we take M — oo, and therefore so does 
its derivative d^Ko^Mr). Slightly less obvious are the contributions due to 
double contractions. A typical term is proportional to {{d^xYx^): whose 
Fourier transform can be calculated as in |lj to be proportional to 
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where c(/i, M) is a (spectral) function of unit area with support on [2M, oo). 
Due to the lower bound on the integration and the unit area property, this 
indeed becomes [pi — ip2)'^/M'^ — > in the limit as M — »• oo. 

We may now obtain the contact terms by inserting the above result into 
the Ward identity performing partial integrations,^ and using 

TT 6'^{w — z) = dyjdu, In \w — ^ 

we find 

- / d^w {dv^ + dv"") (T^^ i^, . . .) = ^ {dv' + M) (v; ...) + ... . 

TT J 4 

Since this is true for general f , we obtain 

T^^V-. = T:'^b\w-z)V,^--- . (10) 

Since this formula is so important in what follows, and since it is not usually 
calculated in more familiar regularization schemes, we now verify it by a 
direct calculation. We have 

T - p*'=(^(^)+Ei mxi) 

■'- WW ^ 



TT 

2 



TT r (ik) 



2 2! 



X e 



where the ellipsis denotes the non-contracted remainder. The double con- 
tractions in the first line were already partially calculated in |lj. The result, 
writing w = Xi + 1x2 and z = yi + iy2, is 



{tt/2) 2! J (27r)2 16 3 V72m rn? p"^ + ^ 



[12) 



^The surface terms arising from partial integrations will be zero if v goes to a constant 
at infinity. Also note that as w ^ z, the distributions l/{w — z)" are integrable and do 
not spoil our ability to perform partial integrations. 
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where the unit area spectral function is exphcitly given by 

24m^ 

c(/i, m) = 9[j_i — 2m). 

/x^ y 1 — 4m^/ /i^ 



Writing 



we obtain a term 



- ^2 , ,.2 ' (13) 



/■"^ c(/i,m) ^ ^ 2 r , M,) 2 



Changing variables from /j, to u = 2m/i and u = 2Mifi respectively removes 
all mass- dependence from this formula, and the result is proportional to 

i 

The second term in the identity (fT^ contributes 



f rf/i — — ^+yVi / 

2m p^ + fi^ ^ J2M, 



3 /"^c/z/ 1/2 



4 



2 ji v^;^^ 

2 2 V 2 ' / 

^4 3 1 r(i)r(i) 
■2'2- r(|) 

= 6, 

where the limit Mj 00 and m — has been taken in the third line, which 
makes the Pauli-Villars contributions vanish. 
The contribution (jl2j) therefore becomes 

1 i^kf f d^P ,^^^H^^y)L.l.Q=^l3\w-z). 



Ti/2) 2! J (27r)2 16 3 
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This will indeed give the contact term (|1(J|) when inserted in (lllj). 

We still need to calculate the contributions of the single contractions 
appearing in (fTT|) . We have 



tki^m^Xiw) {Xiw)Xiz)) + ^r^.M^x.H {x^Hx^iz)) 

= ik (x{w) w? K^{m\w -z\)+Y,^^ K^{Mi\w - z\)\ 

^ i ' 

i 

in the limit m — >^ and Mj oo. The full expression is thus 

+ ..., (14) 

which differs from fllip by the presence of additional contributions propor- 
tional to the Pauli-Villars fields. However, as long as no additional insertions 
are at 2;, the matrix elements of these contributions go to zero when Mj 00, 
since in this limit the range of the propagator goes to zero and Xi becomes 
non-dynamical. Modulo this condition, we therefore find 

T^«)e^'^^(^)+^'''*) = -<52(y,_^)e^K^W+E,.a.W) _ (15) 

8 

To see that our analysis is consistent with the usual operator formalism result, 
we restate our Ward identity as follows 



IT _ 

a'k^ 



= {{v^d + v'd)V,---) + ^id,v') {V,.. .) + .... (16) 

where we used the explicit result fllSp for the contact term. This is the 
familiar anomalous identity from the operator formalism. 
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It is now clear exactly how the coordinate dependence arises in the op- 
erator formalism. In pQ it was shown that the full renormalized energy- 
momentum Tijdx'^^dx^ , including Pauli-Villars contributions, is a coordinate- 
invariant, true tensor quantity. But its component Tuiw of course depends 
on the coordinate system, so that by moving the T^iw contribution to the 
right hand side in one is explicitly making both sides of the equation 
coordinate-dependent. 

In the current formalism, the anomalous dimension of the insertion is 
encoded in the contact contraction (fT^ . Since T^z is precisely the genera- 
tor of dilations, we have directly related the anomalous dimension to scale- 
dependence, a relationship that is somewhat obscured in the usual operator 
treatment. We also note that the operator formalism result is reproduced 
after ignoring the nonsingular terms, represented by the dots, in fll5|) . This 
may be done for the Ward identity but needs care in general amplitudes, 
where these terms may contribute. 

From (fT^ . the precise relationship between our Pauli-Villars-regulated 
vertex V and the operator formalism vertex operator V is now clear. Define 

V = V 

on the plane with trivial metric, and deform V according to the transforma- 
tion law 

S,V = v'diV+^{d,v')V 

as we deform only the metric along the flow of a vector field v holomorphic 
in a neighbourhood of the insertion. Then V coincides with the operator 
formalism vertex. 

The anomalous term in the transformation 6yV is an artifact of the 
coordinate-dependent definition of V, and is somewhat unnatural in the 
present formalism. On the other hand, the covariantly regularized V trans- 
forms as a scalar, without this extra term, but requires the nonzero contrac- 
tion with Tzz in the Ward identity. 

It should be stressed that both the coordinate-independent V and the 
coordinate-dependent V are finite, renormalized insertions. The difference 
between them is a finite, but coordinate-dependent quantity. 

What about conformal transformations? Notice that Q is true for ar- 
bitrary deformations v that goes to a constant at infinity. Now consider a 
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vector field v that is holomorphic 



d,v' = = d,v' 

on a disc-shaped neighborhood D of z. Since classically such a deformation 
would be a symmetry, one would expect the transformation C^V to be gen- 
erated by conserved charges. Indeed, as shown in PQ, away from additional 
insertions the conservation law 

d-T +dT- =0 = 9 T h 9-T 

holds, so we find, denoting by D the complement of D, 

{{v'd + v'd) v; ■■■) = -- /_ d^w {8 K T^^ + T^^) K ■ ■ ■> 



Jd 



1 

In the first two terms, since w is outside D, the contact term in the contrac- 
tion TyjwVz does not contribute. We obtain 

{{v'd + v'd)V,---) = - I dw {v'^T^^V, ■■■)-- (f dw (v'^T^^V,---) 

^ JdD ^ JdD 

- - / t/^y; (St;'" + (T^^K---) 

The first line represents the contractions with the usual Virasoro charges, 
while the second line is an anomalous term due to quantum breaking of scale 
invariance. As shown in equation ()16p . this term is exactly the anomalous 
transformation of the operator-formalism vertex. In the present covariant 
formalism, it is more natural, and perhaps less confusing, to say that since 
conformal invariance is broken, the conserved charges do not generate the 
transformation, with the needed correction given by the contact term in the 
second line. 



6 Ghost path integral 

To make this article more self-contained, we give a short overview of the ghost 
component of the path integral, which was not considered in the previous 
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sections. For the purposes of this calculation, we will not need the Pauli- 
Villars partners for the ghosts. However, the full action does include such 
additional fields, and will be derived in section ^| 

As in the previous section, the ghost path integral can be performed by 
expanding around a stationary solution, which can be written on the disc as 

-2 

m=— oo 
1 

C'= Yl ^rnZ'-"^, (18) 
m=—oo 

and similarly for z ^ z. The state on the boundary can therefore be written 
as a wave function 

- , 6-4, &-3, b_2, Ci, Co, C_i, ■■■) = (••■, 6_4, 6_3, 6_2, Ci, Cq, C_i, ■ ■ ?/^) 

on the configuration space parameterized by the above expansion coefficients. 
This wave function is given by the path integral as 

= 2, 

where the fields b and c in the exponent denote the stationary solution. The 
boundary term in the action ensures that the equations of motion are satisfied 
in the presence of the boundary. Ignoring the antiholomorphic contribution 
for now, we may write this state in terms of the conventionally defined ghost 
ground state, given by 

(• • • ,6_2,&-i,Co,c_i, • • -11) = 1, 

by calculating 

(••• ,6„2,&-l,Co, C_i,---|V') = j dCi (6-l|ci) (■■• ,6_4,6_3,6_2,Ci,Co,C_i, ■ ■ -1^) 

= J dci e^'-i'^^ Z 
= Zh^i 

= Z {■■■ ,6_2,6_i,co,c_i,---|6_i|i). 
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where we have used the fact that 6_„ and c„ are conjugate variables. We find 

l^) = ^&-i|i), 
or, including the antiholomorphic contribution, 

IV')^ 2^6-16-1 li). 

Let us also calculate the path integral over the complement of the disc on 
the sphere. Taking into account the transformations 

d,^-z^d,, (19) 

dz®dz^ ^dz® dz, (20) 

under z 1/z, the stationary solutions that are regular at infinity can be 
written as 

-2 

brnZ-^^"", (21) 

m=— 00 
1 

c'= J2 (22) 



m=—oo 



The state on the boundary can therefore be written as a wave function 

V'(- • • , h: h: C_i, Cq, Ci ,•••) = ••• , 64, h: C_i, Cq, Ci, • • •) 

on the configuration space parameterized by the above expansion coefficients. 
This wave function is given by the path integral as 

= z. 

The boundary term in the action again ensures the equations of motion and 
cancels the corresponding boundary term on the disc above. Ignoring the 
antiholomorphic contribution for now, we may write this state in terms of 
the dual to the conventionally defined ghost ground state, given by 

(i| ••• ,b2,bi,co,ci,---) = 1, 
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by calculating 

, 62, 61, Co, ci, • • •) = y dci , 64, 63, 62, c-i, Co, ci, • • •) (c_i|6i) 

= Zbi 

= Z {i\ b_i \- ■ ■ ,62,&i,co,ci, • • •) . 

We find 

{^\=Z{i\h, 
or, including the antiholomorphic contribution. 

We will see later that the fixed vertex operators in string theory are accom- 
panied by a factor of 

We illustrate the calculation of the path integral over the disc with such an 
insertion at the origin 

V' = / [dc] [db] (f{0) c%0) e-^. 

JD 

Again, we expand around the stationary solution c ^ c + c to get 

=cici Z + ci (c^(0)) + (c^(0) c^"(0)) 
= cici Z, 

since the one-point functions around a stationary background are zero, and 
the two-point function is trivially zero on the plane, since there is no c^(f 
term in the action. 

Again temporarily ignoring the antiholomorphic contribution, we calcu- 
late 

(• • • ,6_2,6-l,Co,C_i, • • •IV') = j dCi (6-l|Ci) (• • • ,6_4,6_3,6_2,Ci,Co,C_i, ■■■\^) 

= j dci e*-^^^ ci Z 
= Z 

^ Z {■■■ ,6_2,&-l,Co,C_i,---| i). 
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The result is therefore 

m = z\i). 

Similarly to the above calculation without insertion, the state obtained by 
integrating over the complement of the disc with an insertion at oo 

^ = I [dc][dh]c'{oo)c\oo)e-^, 
Jd 

is proportional to 

Ul- 

The path integral over the full sphere with the two insertions is then given 
by integrating these states over the configuration space on the boundary 

= j (■ ■ ■ db^2 dh^i dco dc_i ■ ■ ■ ) (i| " ' " > ^-2, Cq, c_i, ■ ■ ■) x 

X (■■■ ,6_2,&-l,Co,C_i, ■ ■ -I i) 

= j (■ ■ ■ dh^2 db^i dco dc-i ■ • ■ ) (il " " " > ^2, Co, Ci, ■ ■ •) (ci|6_i) (c2|6_2) ■ ■ ■ 

X (■■■ ,6_2,fe-i,co, c_i, ■ ■ -I i) 
= j {■■■ db-2 dh-i dco dc-i ■ ■ ■ ) (1) e'^^^^e'"^''^ ••■(!) 
= 0, 

due to the integral over cq. We see that the path integral on the sphere with 
two fixed vertex insertions vanishes. It is clear that an extra insertion at a 
third position, proportional to, for example, 

c^(l)c^(l), 

will be sufficient to provide an extra factor cqCq to make the path integral 
non-vanishing. In other words, the first non-vanishing string amplitude will 
be the three-point function. 

7 Background-independent measures 

In the background dependence of the path integral measure for a scalar 
field was studied. The Fujikawa approach [3 Ej that we followed there 
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depended on the existence of an a priori background metric g^^ for the con- 
struction of the measure, denoted [d(f)]g. Varying g caused a variation in [d(j)]g 
that could be related to the conformal anomaly. 

We then introduced a set of Pauli-Villars auxiliary fields x with statis- 
tics opposite to that of cj). Due to the properties of Grassmann fields, the 
corresponding measure [dx]g transformed with opposite sign to [d(f)]g under 
a variation of g. As a result, the combined measure 

WUdxlg = [d(l)]g'[dx]g' = [d(j)] [dx] 

was background- independent. 

Something similar can be done for arbitrary tensor fields by including 
Pauli-Villars partners in this way. This inclusion of Pauli-Villars fields to 
simplify the transformation properties of the measure differs from the ap- 
proach to string quantization followed by Fujikawa in [3], although individual 
factors contributing to the measure are defined in essentially the same way. 

We start with the example of a vector field. The Fujikawa measure for a 
vector field can be constructed as follows. We make the space of vector fields 
on the plane into an inner product space by defining 

{v\w)g = j y/ggki v^wK 

We then consider an orthonormal basis dk of vector fields on the plane, 
where n is an abstract index ranging, in the two-dimensional case, over N x 
{1,2}. In other words, 

j d^X gkl 0^0^ = 5mn. (23) 

Parameterizing f in terms of a countable set of coordinates via the basis 
expansion 

n 

we define the measure via the semi-infinite differential form 

[dv]g = f\ dan 

n 

on the infinite-dimensional space of fields. Since different orthonormal bases 
are related by unitary transformations that have Jacobian 1, the differential 
form is in fact independent of the choice of basis. 
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Since the basis 0^ depends by construction on g^^ , the measure is background- 
dependent. We may calculate the precise dependence as follows. First, note 
that we can project 

so that 

Sgan = j y/g (^^g'^^Sgabgki + Sgk^ (p^v^ + j ^ g^ {6g(t)l)v^. 

The variation of the orthonormal basis is not unique, but may be de- 
termined up to a unitary transformation, which does not affect the measure, 
by differentiating ()23|) to find 



= y Q 5gab 9ki + 5gk^ fyl + j ^ gu <PL + € {^L)) 



A suitable choice that satisfies this is 



Inserting in the above, we find 

j V9{^ g'"^ hab gu + \ 5gk}j 4>iv 



Sgttn 



so that the measure transforms as 

Sg[dv]g = Sg /\ dan = (Tr C) /\ dan, 

n n 

where 

TrC = ^C„„= / d^x^/g (^g''''Sgabgki + ^SgMj^ 



(24) 
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The sum over m does not converge and has to be regulated. This may be 
done, for example, by inserting a heat kernel regulator, considering instead 



m 



for small e, where = V^Va is the Laplacian on the space of vector fields. 
These heat kernels may be calculated as, for example, in P], and typically 
lead to a divergence of order 1/e, which may be canceled by a counterterm 
in the action, and a finite contribution depending on the curvature that 
cannot be canceled by a counterterm. This contribution can be related to 
the conformal anomaly. 

However, we can cancel the background dependence of the measure by 
including Pauli-Villars auxiliary vector fields. As in PP, we introduce a set of 
these, consisting of real commuting fields u^, each with statistics Cj = 1, and 
complex Grassmann fields z/f , i?^, each with statistics q = —2, satisfying 



The Grassmann fields have to be taken complex, otherwise the mass term 



would vanish for them. Due to the transformation properties of Grassmann 
integrals, we find, denoting the combined measure of all the Pauli-Villars 
fields by [di'jg, that 



with any reasonable regularization. In other words, the combined measure 
is background-independent, independently of the regularization scheme. 

Once we include the Pauli-Villars fields, the measure does not transform 
anomalously. So what happened to the conformal anomaly? The burden of 




where the sign is opposite to that of the original fields. Therefore 




(Tr C) - (Tr C) [dv]g A [du]g = 



25 



encoding this is now transferred to the Pauh-Villars action. To understand 
this, notice that the anomalous contribution to the transformation of the 
original measure, given by 



d^x^/g (^g"'' Sgab 9ki + ^ Sgkij ^ 



0m (a^) C(a^), 



is just the energy-momentum contribution we would obtain from the mass 
terms of the Pauh-Villars fields u 

5g j [dv] A [dv] e-' = / d'x^Sgki (l^'> 

^-SgJ d'x^^M^gki{u'{x)u\x)) 

in the limit as the mass tends to infinity, since then the self-contraction 
becomes 

m 

for the Grassmann- valued (Pj,i/i), and 

m 

for the commuting partners Pj = Ui. Since J^jQ = —1, it follows that the 
mass terms needed to make the Pauh-Villars fields non-dynamic will now 
contribute the anomaly. 

A similar analysis can be done for other tensor fields. For example, con- 
sider the Grassmann-valued ghost vector field c = c^di. This is a vector field 
and, as above, we define the measure as 

dci A dc2 A • • • , 

where c„ are the expansion coefficients with respect to the above orthonormal 
basis (f)^. 

The only difference from the above analysis appears in the mass term. A 
non- vanishing covariant scalar mass term for a ghost c' would be 

1 1 ■ ■ 

- {y/g dx^ A dx^) (c, c) = -m^ y/g €ij c'c' , 
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and this is the form of the mass term for the Grassmann subset of the ghost 
Pauh-Villars partners. The bosonic Pauh-Villars partners, which have to be 
complex fields for this expression to be non-vanishing, have mass terms 

^M^ {^dx^Adx^) (7,7), 

Note, however, that these terms are not positive definite. As a result, their 
Euclidean path integral J[d'y] does not exist. However, a consistent non- 
perturbative construction of the real time path integral J [d'-f] e*'^ can be done 
|2Hj . which justifies the formal manipulations carried out on this object in 
the Euclidean picture by treating it as if it were convergent. 

The anomalous variation of the ghost measure is, by construction, oppo- 
site to that of the vector measure. When the Pauli-Villars fields are included, 
the total measure is again invariant, and the anomaly that would otherwise 
have come from the measure will again have to be encoded in the Pauli-Villars 
energy momentum tensor. 

This means that a ghost anomaly, calculated for the Pauli-Villars action, 
should be opposite to a vector anomaly calculated in the first part of this 
section, even though the mass terms have a different form. To see that this 
is true, we may use conformal coordinates without loss of generality, since 
nothing in the above construction depends on the coordinate choice. The 
mass contribution for a vector partner is 

i M2 y d'x ^g,, y-^v^ = l^^'J "'""^^ 
and for a ghost partner it is 

while an arbitrary variation of the metric (not necessarily conformal) gives 
for a vector partner 

^ M'6 i^g,,) {v'v^) = \m^ {g'^' 5gu) g., + ^5g,^ {v'v^) 

= M'' g,,5g,,{v'v') 

and for a ghost partner 

\ 5g e,, (7^7^) = ^ ^ idl,) e., {TY) 
= M'g,,6g,,{fY) 
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Since, in the limit of large M, the mass terms become dominant in the 
action, and since these coincide for the two cases above, we find the same 
contribution except for a sign. In other words, the ghost anomaly, as encoded 
in the unusual ghost Pauli-Villars mass term, is indeed opposite to the vector 
anomaly. 

The measure on the space of metrics g"^^ is particularly important. We con- 
struct the background-independent path integral measure over g^^ as above 
as follows. Choose a background metric and let [dg\g be the Fujikawa 
measure on the space of metrics with respect to g^K In other words, we 
expand, similar to the above, in a basis on the space of symmetric tensors 
g^^ orthonormalized in the obvious inner product with respect to and 
define the measure, as above, as a differential form in terms of the expansion 
coefficients. This measure depends on g'^\ and is therefore not yet suitable 
for a background-independent theory. To obtain a background-independent 
measure, introduce a set of Pauli-Villars auxiliary fields, denoted {7*-', 7*-''} 
that are either real commuting with 7 = 7 and with statistics 1, or complex 
Grassmann with statistics —2, whose combined statistics is equal to —1 to 
cancel that of the original g^^ (the Grassmann 7 are symmetric, complex- 
valued matrices, not hermitian matrices). As above, the combined measure 
is then independent of g, independently of which regularization we choose. 
In particular, 

[dg]-g A [d-i]-g = [dg]g A [^7]^, 

so that the combined measure is background independent. 

A slight complication that has to be kept in mind is that the range of an 
integration over the metrics is not unconstrained, as was the case for scalar 
or vector fields, since we have to ensure that the metric does not become 
degenerate or change signature. In the two-dimensional case, we will manage 
to avoid the need for integrating over the metrics, so this issue will not affect 
the analysis that follows, but it should be kept in mind in higher dimensions. 

8 Physical state conditions 

In the operator formalism, the physical state condition on the vertex opera- 
tors V are related to their anomalous dimension. In the current formalism, 
the Ward identity Q for the insertion V = exp {ik {X + J2 ViXt)) is that 
of a scalar, and the anomaly is encoded in the non-vanishing contact term 
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matrix elements of T^yj Given this difference, it is very instructive to de- 
rive the physical state condition on V in the current coordinate-independent 
formalism. 

Throughout this section we will use the covariant form of the path integral 
derived later in (jH^ . 

Consider a path integral with n vertex insertions, where the path inte- 
gral includes an integral over the positions Xj, z = 1, . . . , n of the insertions. 
By a gauge transformation consisting of diffeomorphisms and Weyl trans- 
formations, we can bring the metric to a chosen form modulo possible 
global obstructions that do not occur on the plane or the sphere. By further 
conformal transformations (which are compositions of diffeomorphisms and 
conformal transformations leaving the metric invariant), we may fix the po- 
sitions of m < n of the xi to be at chosen points where the 
value of m depends on the topology. On the plane, m is one, since v may 
go to a constant at infinity, whereas on the sphere, a Mobius transformation 
may be used to fix m = 3 positions in this manner. 

Consider then a family of gauge fixing functions 

^{9''^ - g'^) ^{Xi ~ Xi) ■ ■ ■ 6{Xm - Xm), 

indexed by {g'^\ xi, . . . , Xm)- Here g^^ and xi are the metric and positions over 
which we integrate in the path integral, and g"^^ and fixed metric and 

fixed positions. Gauge fixing will discussed in great detail in section [TUl and 
in the BRST context, but for the purposes of this section we will only need 
the familiar covariant form of the full action and the resulting form (jHHj) of 
the fixed vertices. 

Any physical quantity has to be independent of the hatted quantities 
determining the gauge fixing function. We will show how this requirement 
leads to the physical state conditions on the vertex insertions, and later relate 
it to a covariant version of BRST invariance in the quantum field theory. 

Consider a variation {6g^^ , 5xi. . . . ) of the fixed metric and positions under 
a gauge transformation consisting of a combined reparametrization v^di and 
Weyl transformation. 

The next step is to write the gauge fixing function 5{g^^ — g^^) in a 
more convenient form. To do this, we introduce a Langrange multiplier field 
Bij, together with its set of Pauli-Villars partners, conveniently denoted by 
{Aj) Aj}- As above, their combined measure is background-independent 

[dB]-g A [dP]g = [dB]^ A [dl3]g 
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and we may write 



X exp ^ I (5, (5 -^))_ + !((/?, 7)- + (7, /3>. 
[dg]-g A [dB]-g A A [0^7]^ 



X 



expi J d'x V§ {s,,- (g'^ - + \ {PijY' + Pij) } , 



since the integral over f3 and 7 gives 1. This formula is an easy consequence 
of the definition of the Fujikawa measures in terms of orthonormalized modes 
with respect to g'^^ . Note that the background metric g is different from the 
metric g appearing in the gauge fixing function. Since the result of integrating 
over (3 and 7 is 1 independently of g, it follows that the remaining expression 

j [dg]s [dB]-g exp ijd^x^ B^j {g'^ - g'^) 

is itself independent of g. It is indeed not difficult to show this exphcitly by 
demonstrating that the variation of the measure under a change 

of g cancels the variation of the integrand. Indeed, one finds 

5-g j [dgUdB], expz j d^x^gB,, {g^^ - g^^) 

= (TrC + TrC-2TrC) j [dg]-g[dB]-g exp i j d^x y/^ Bij {g'^ - g'^) 
= 0. 

The first two terms come from the variations of the two measures, as in the 
previous section, while the third comes from evaluating the expectation value 
obtained when varying the integrand. Here 



Cmn = \j 5 {V^gikgji) 



for a ^-orthonormal basis 0^ of symmetric tensors. 

However, it should be noted that this argument only works for the vacuum 
amplitude. Insertions containing g^^ in the amplitude will in general cause 
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the invariance to break down due to additional contractions with B^K We 
therefore have to keep the g dependence in the action separate. In particular, 
we cannot use this to set g^^ = g^^ for general amplitudes. 
The full background-independent measure is given by 

dUg = [dg]g A [d'yjg A [dB]g A [d/3]g A [dX]g A [dx]g A ghost 

= dUg 

= dfi 

where the ghost contribution includes the Pauli-Villars partners for each 
ghost, to be considered more carefully in section ITUl 

The path integral will be independent of the gauge fixing function if 



= -2 y d^V{xi)---e~^ j d'^x y/g Bij 5g'^ 



-v'd,{Vix,] 
where 



S^S-t I d'xV^ {Bi, ig'^ - g'^) + ^ + A,) 



and the ghost factors accompanying the fixed vertices come from the Faddeev- 
Popov determinant and are derived in section ^1 The action 5* is in fact 
derived in detail later and is given by equation If is a scalar, then V 
will be a coordinate-independent scalar quantity, since the prefactor is simply 
the application 

(^y/gdx^ A dx^^ (c, c) 

of a coordinate- independent bilinear density to the pair (c, c). 

Remembering the definition of the energy momentum-tensor, we have 

% e-^ = % e-^ + T,, e-^. 



5g^^ 

where Tij denotes the part of the energy-momentum tensor of S independent 
of B. Notice that the terms in (3 and 7 are independent of g^^ and therefore 
do not contribute to the energy-momentum tensor. 
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We obtain the condition 



s 



d'x j dfxe-^ y{S:) + i- v^T,,(a;) V{x)^ 5g'^{x) ■ ■ ■ - v^d, (v 

6V \ 1 



89 



5V^ 



s 



5g'^{x) + — d^x^g MAx) V^ix)---) Sg'^ix) - v'di 
47r ./ \ / s(a) 



I S{g) 

where we have used translation invariance of the path integral measure with 
respect to g^^ to perform a partial integration in the second step. In the last 
step, we have performed the path integral over [dg] A [d'-f\ A [dB\ A [c?/?], which 
fixes g = g, and we are left with the path integral 

(■ ■ ■)s(g) = / A [dxh A (ghost) e-^«) (■■■), 

where the measure is in fact independent of g. We will henceforth drop the 
S{g) subscripts on expectation values. 

But if we decompose the variation of g^^ in the gauge directions as 



Sgi^ = - -2 5ujg 

then the f-dependent part of the above condition is exactly zero by the Ward 
identity (0111), and all that remains is the (5a;-dependent part. The physical 
state condition becomes simply 

6V \ . ... 1 



^g^^...j6u{x) + ^ J d'x^g(T,\x)V{x)---)6u{x) (25) 

This condition has an intuitively reasonable interpretation. It requires that 
the path integral with insertion be invariant under a local Weyl rescaling, 
generated by T-^, of the metric g^^ that indexes the choice of gauge-fixing 
function. It is also interesting to see that invariance with respect to diffeo- 
morphisms is automatic, and puts no further constraints on V. 
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The simplest scalar insertion satisfying this gauge invariance condition, 
for certain values of k, is the tachyon 



where X stands for the combination 

x = x + ^'nai- 

i 

No regularization is needed for the ghost prefactor, since the self-contraction 
of c^c^ is trivially zero due to the absence of any c^d" term in the massless 
action for the ghosts. 

For simplicity, we will concentrate on variations of the flat metric on the 
plane g^^ = 2, g^^ = = g^^. Inserting the vertex into the condition ()25|1 . 
and using 

we obtain 



We have already calculated the contraction of Tww with e*'^"^ in section El 
We still have to consider the contribution 



{Tww c c ^ c 

Since the {b, c} theory is massless, so that T^wib, c) = 0, and no Pauli-Villars 
contractions are involved here, this expression trivially vanishes. 
Using the explicit result from sectional 

T^^ e'"^' = ^ ^ ^'(^ - ^) e^'^^ + • • • ' (26) 

we find 

TT — (y ■■■) = 

2 27r 4 y \ / 
so that we obtain the usual tachyon mass-shell condition 

a' 
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Next we consider the graviton vertex, given by the worldsheet scalar 



e'^ d,Xi d,Xj e'''^ 

where e^^ is a spacetime polarization. To evaluate the first terms in the 
condition (|^. we calculate 

g'' = (-^ g^J g"' + ^f^l) g'' = o, 

so that the gauge invariance condition becomes simply 

j- j d'w (^{T^^ + T^^)V{z)---'j{2 5uj{w)) = 0. (27) 

To verify the consistency of our covariant approach, we will now calculate 
the contact terms in this condition from first principles. The calculation is 
complicated, and this is not the recommended way of doing things. In the 
next section, we will discuss the relationship between the above physical state 
condition and the familiar Virasoro conditions. The latter may be computed 
using familiar methods in the literature, and the results may then be used 
to infer the contact terms indirectly. 

With this in mind, let us return to the direct calculation. In holomorphic 
coordinates, where 
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the graviton condition becomes 



TT 

— I m' 



2 



TT 



2 2! 



2 

2 



^ i 

+ {z z) 

+ ■■■. (28) 

In the above, contributions from single contractions are absent, since these 
are either proportional to 



z — w 

as m ^ for the matter fields, or proportional to 

M2 d,Ko{M,\w - z\) d,x^ ^ 1'nd,b\w - z) ^,x^, 

as Mi oo, but matrix elements of Xi{^) vanish in this limit as long as 
no other insertions approach the point z. We have also dropped double 
contractions of the form {X'^{w) dzXdgX) proportional to 

9 1 1 
0, 

w — z w — z 

and the corresponding Pauli-Villars contributions, proportional to 

M^d,Ko{Mi\w - z\) d^KoiMilw - z\) {27:^ dj\w - z) 9,-5^(0) = 
as Mi oo. 

The first contraction in ()28p was calculated in section El and is equal to 

— : — d (w — z). 
4 
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We calculate the second contraction in (|28|) as follows, where we abbreviate 
k = ki — ik2, 

= l.m'.2.- f ^e-^P- f ^ + PV 

2 2 y (27r)2 7 (27r)2 (P + m2)((p-A;)2 + m2) 

= -m^i — / - — ^^'^ / dx— — ^ — t: + PV 

2 Att J (27r)2 Jo _a;)p2 

= -m^z^ /-^e-- r'dx^ f-^ , + 

2 A-K J (27r)2 Jo x(l-x)p2 + rn2 



2 47r J (27r)2 _ 4^2/^2 p2 + ^2 



2 47r 8 7 (27r)2 J^ z/2 ^^^2 _ 1 p2 + 4^2^,2 
^ H 2 47r 8 7 (27r)2 ^ zy2 ^/^;^^ 
4-^*y 2 47r 87 (27r)2'' 2^2'^JP 



Id 

The arrow indicates the limit m — > and Mj — > 00, in which the matter 
contribution vanishes an the Pauli-Villars contribution simplifies. As usual, 
changes of variables performed in the above integrals are justified by their 
convergence when the Pauli-Villars terms are included. 
Inserting this in ()28|1 . we finally get 

+ 5^.52. _ . I Q^^ ^rkX 
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Inserting in the gauge invariance condition (|27|). we find 








) 



8 





8 



Since Su is an arbitrary function, we find the following conditions on the 
momentum and the polarization. 



These are the usual mass shell and polarization conditions for the graviton 
vertex. 

9 Correspondence with Virasoro conditions 

The physical state condition (j25|l 



was derived by requiring that the functional integral be independent of the 
choice of gauge fixing function. This condition was physically and mathemat- 
ically well motivated from first principles in the functional integral approach, 
but does not obviously resemble the more familiar Virasoro conditions on 
physical states. In particular, as we remarked, in ()29p only Weyl invari- 
ance led to constraints on the physical insertions. Diffeomorphism invari- 
ance was automatic and did not contribute any constraints. In the operator 
formalism, the Virasoro constraints are usually motivated by a requirement 
of invariance under conformal transformations, which only correspond to a 
subclass of Weyl transformations composed with specific diffeomorphisms. It 
is therefore instructive to relate the two approaches. 

In this section we will show that our constraint ()29|1 in fact implies the 
Virasoro conditions. 

To see this, consider 6uj of the special form 



= e'^kj 








6uj{x) + — [ d^. 
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where is a vector field that is zero at x, conformal in a neighbourhood D 
of X, and sufficiently well-behaved at infinity. On the region D where v is 
conformal, we have, by definition of conformality. 

For this choice of Suo, the condition (1291) becomes 



by virtue of the region of integration, since T/(a;)l^(£) can contribute at 
most contact terms. Here D denotes the complement of D. 

But for the restricted region of integration, this is almost the Ward iden- 
tity (jni), remembering that is here chosen zero at x. Subtracting ^ from 
this, the condition becomes 

= ^ [d^x^ (t,,(x) V{x) ■ ■ ■) h'^ix). 

In holomorphic coordinates, this gives 

d^w Ud^v^ T^^ + d^v^ T^^) V{z) 

D ^ 

Again, due to the region of integration, contact terms coming from T^„^u ^(^) 
do not contribute and have been dropped. A partial integration finally gives 
the physical state condition 

= — ((p {dwv'"T^^-dwv'^Tis^)ccV{z)---\ . (30) 
27rz \JsD I 

Given the basis 

v"" G {(w-2)"+'|n> 0}, 
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of holomorphic vector fields on D, this is seen to coincide with the usual 
Virasoro conditions. We remind the reader that the contraction with cc 
reproduces the usual a-correction to Lq. 

The Virasoro conditions are preferable for actual calculations, since they 
avoid the need for calculating complicated contact terms. The above ar- 
guments can also be turned around to obtain certain contact terms from 
standard operator calculations, thus avoiding the rather complicated direct 
loop integral calculations of the previous section. 

We have shown that the condition ()29|) implies the Virasoro conditions. 
It might seem that the converse is not necessarily true, since the 6uj in ()29p 
is arbitrary, whereas the class of 6uj needed to derive the Virasoro conditions 
were harmonic on D, i.e., dd 5uj = 0. Comparing with the graviton condition 
in the previous section, we can see that the difference would matter for 
vertices that have mixed derivatives of X, the simplest of which is {ddX) e^^^ , 
which would then give rise to terms proportional to dd 5uj in the physical state 
condition. However, these vertices vanish trivially by the equation of motion, 
and are therefore of no interest. 

10 A covariant BRST approach 

The BRST action for a generally covariant theory has subtleties that are 
sometimes overlooked, and we will derive it carefully, obtaining an action 
that is different in important ways from the usual one. In particular, the 
need for a fixed background metric g^^ in carrying out the Faddeev-Popov 
procedure will be elucidated, and the independence of the resulting theory 
of this choice will be discussed. 

For simplicity, we work on the plane, where the metric can be gauge-fixed 
completely and there are no remaining moduli. The aspects of the analysis 
that we would like to emphasize here do not involve the moduli. 

We apply the Faddeev-Popov and BRST procedures to the case at hand 
1201 1211 122 CI ■ Let (jij be an arbitrary background metric used for defining 
the measure as in section [7| The first ingredient we need is a functional 
integration measure that is invariant under the gauge symmetries of the 
system. In the current case, the symmetries are diffeomorphism invariance 
and conformal invariance. By our discussion in section [71 both of these are 
preserved once we include Pauli-Villars partners for all fields. The invariant 
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measure is therefore 



[dg], [dB], [dX], [d^], [dx]-g. 

As we discussed already, this measure is independent of the background met- 
ric g. 

Let be an orthonormal basis of metric fields with respect to the inner 
product 



(0n, ^m)g = J \f9 4>n 9ik9jl 



Tkl 



We note that g^^ is different from the metric cjij occurring in the gauge fixing 
function 6{g^^ — g^^). Now consider the following set of constraint functions, 
which are just the components of the metric field in the above basis. 

Xn{g) = {g, 4>n)g = J V^g'^ gikQji 4>n- 

The Faddeev-Popov procedure instructs us to calculate the determinant of 
the matrix 

where hm is a fixed basis of generators of the symmetry group. We may 
choose {hm} = {Vp} U {COq}, where is a ^-orthonormal basis of vector fields 
generating diffeomorphisms, and cuq is a ^-orthonormal basis of scalar fields 
generating Weyl rescalings. 

Note that the Faddeev-Popov procedure requires the basis of generators 
to be fixed, independent of the variable of integration gij. We therefore could 
not have used gij to define them. Instead, an orthonormal basis with respect 
to the fixed background metric gij was used, but any fixed basis would have 
been acceptable. A different choice would lead at most to a different constant 
overall factor in the Haar measure on the group manifold. This factor would 
be gauge slice independent and would not affect physical expectation values. 

Projecting the variation 



onto (f)n, we find 
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The determinant of this matrix can be expressed in terms of a Grassmann 
integral as 

Yl Yl dhn exp ^ h 

[dchmdbh exp {- $^6„c„ {Vpl + Vgvt))_ - 2 J]6„c^ (C^^'W),} 
[dcUdn-Adbh exp jy hi (-Vjc' - V^c^ - 2 (^'^^c-) | , (31) 

by definition of the measure for the ghost fields discussed in section [71 if we 
define bn by 

since (p]^ (jikdji is a (7-orthonormal basis for the space of fields bij, and similarly 
for c and d^. 

Diffeomorphism invariance, Weyl invariance and (^-independence of the 
functional measure require the introduction of Pauli-Villars partners w*, lj 
and pij for the ghosts c*, and bij. Here, as before, we use for example as 
a shorthand to denote a set of massive fields whose total statistics is opposite 
to that of d, and whose bosonic elements have to be taken complex- valued to 
give a non- vanishing mass term. For full details of the construction, we refer 
back to section [7| The full action for these fields will be stated below. We 
remark that the bosonic pij, though complex- valued, are symmetric tensors, 
not hermitian. 

We see that a correct application of the Faddeev- Popov procedure gives 
the following action. 

S^IJ V9 9''d,Xd,X + J ^gb,,{-Vlc'-Vy-2g'^'c-) 

where the dots indicate Pauli-Villars terms, to be fixed below from the re- 
quirement of BRST invariance. The action is of course coordinate-independent, 
but it is important to note that it has an explicit background-dependence, as 
embodied in the presence of g in both the ghost and the gauge-fixing terms. 
We shall see that no physical quantity will depend on g. 

This form of the action will be most convenient for discussing BRST- 
invariance. However, for many calculations it will be more convenient to use 
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a background-independent form of the ghost terms. Such a representation 
will be derived in the next section, at the cost of obscuring BRST invariance. 

The ghosts c* and may be identified with the left-invariant one-forms 
on the gauge group, and gauge invariance of the original action can then be 
interpreted as invariance under a BRST transformation 5b which may be 
identified with the exterior derivative on the gauge group j7]. As an exte- 
rior derivative in disguise, the BRST transformation is then automatically 
nilpotent: 

5| = 0. 

The BRST transformations of the ghosts c* and are obtained from the 
Maurer-Cartan structure equations 

that encode the exterior derivatives of a basis of left-invariant one-forms 
on the group, which depend on the commutation relations of the genera- 
tors via the structure constants [7]. In this case the group is generated 
by vector fields and Weyl transformations, whose commutators can be cal- 
culated relatively easily. This gives the transformation of d and . The 
transformations of hij and Bij are postulated in a standard way 1^ . 
The transformation of the other fields are obtained by simply lifting the Lie 
algebra action onto the space of fields. We obtain 

Ccg'^ - 2 g'^c'^ = - VV - V^d - 2 g'^c'^, 
djC — J 

0. 

Here Cc denotes the Lie derivative, with respect to the vector field c = ddi, 
on the appropriate space of tensors. As is obvious from their re-expression as 
Lie derivatives, the ghost transformations are covariant. But note that the 
ghosts transform with different coefficients and opposite signs to the other 
fields. 



dng'' = 
SBd = 

Sshj = 
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Invariance of the action follows from the observation that the second and 
third terms can be written as 



The BRST variation of the first of these vanishes by 5^ = 0, which is satisfied 
by construction as noted above, while the variation of the second vanishes 
trivially. 

The Pauli-Villars fields are all taken to transform as tensors 

5bv' = JCcV' = [c, v] 
5buj — Lcio — c^dicu, 

^BPij — ^cPij- 

Note that B and f3 do not transform in the same way, and neither do the 
partners c and v, nor and a;. Also, note that 7 transforms under conformal 
transformations in the same way as g. 

The Pauli-Villars regularization will require small masses m to be given 
to the ghost fields, and large masses to their auxiliary Pauli-Villars fields. 
The form of the mass terms are taken to be 



m 



' J Va iVa dx^ A dx'^) (c, c) = m J ^ t^i) c^^c' 
and 

respectively. These are diffeomorphism-invariant due to coordinate-invariance 
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of the 



density ^/gdx^ A dx^. The full action is then 



S 



+ 



+ 



2 



1 




It is important to note that the Pauli-Villars terms are taken to be diffeomor- 
phism invariant, independent of in contrast with the original terms. As 
a result, they are invariant under the component of the BRST transforma- 
tion parameterized by the vector c*, since this simply acts as an infinitesimal 
diffeomorphism on the Pauli-Villars terms. Notice, though, that the mass 
terms break the Weyl component of the BRST transformation generated by 
. This will be origin of the conformal anomaly in this approach. 
In the above action, we have assumed the shorthand of writing only one 
Pauli-Villars partner for each ordinary field. In practice we usually need a 
few, enough to satisfy the required conditions on the statistics and the masses 



An important property of the current construction is that the measure is 
BRST-invariant. This is due to certain perhaps unexpected cancellations of 
the BRST variations of different factors. First, note that trivially 



by the elementary property dhn A dhn = of the exterior product. Also, per 
the discussion of section [71 we have 



since in each case the two factors transform with opposite signs due to oppo- 
site statistics. The same is true for the following pair of factors, even though 



5B[dB] = 0. 



Also 



6B{[db] [dB]) = 0, 



6b {[dX] [dx]) = 5b {[dg] [d^]) = 6b ([rfc^] [du]) = 0, 
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they are not Pauli-Villars partners: 



sbHp] m) = o. 

Finally, a slightly nontrivial calculation shows that 

6b {[dc] [dv]) = 0. 

Even though the BRST transformations of c* and f* differ by a factor of 
2, this is compensated by the fact that 6bc^ is quadratic in d while 6bv^ is 
linear. 

We now consider insertions. Before gauge fixing, each insertion con- 
tributes 

J d^x ^V{x) 

to the path integral. This is diffeomorphism-invariant, though not in general 
Weyl-invariant; requiring the absence of the corresponding quantum anomaly 
will determine the physical state condition on V . After using diffeomorphism 
invariance of the full path integral to fix the metric to a fixed up to a 
Weyl transformation, a finite set of diffeomorphisms, Weyl related to global 
conformal transformations, may remain that can be used to fix the positions 
a; of a finite set of insertions. For each of these, the gauge fixing function 
may be chosen as 

5{x — x) 

and the Faddeev-Popov determinant contribution may be written as ^21 




where rji is an anti-commuting covector. A simple calculation then gives the 
following contribution for a fixed insertion 

j d^x^V{x)5{x-x) J rf^rye'''"'^^) = c\x) (x) V (x) . (33) 

As an aside, it is worth noting that this can be rewritten in terms of a measure 
that is both diffeomorphism- and Weyl invariant as follows: 

which shifts all the Weyl variance to the integrand. 



J V9 
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11 Covariantizing the ghost term 



As discussed in the previous section, the full action (jH^ is BRST invariant 
except for the Pauli-Villars mass terms that will contribute the conformal 
anomaly. However, notice that the ghost kinetic term depends on the back- 
ground metric g. For some calculations, it is more convenient to replace this 
term with a background-independent form. In this section we will show that 
one can do this while making a corresponding change in the jS-j term, at the 
cost of obscuring the manifest BRST invariance of the action. 

We first consider the partition function without insertions. Let (pm be 
an orthonormal basis for the space of 2-tensors with respect to the (7-inner 
product and 0^ a basis with respect to the (7- inner product. Similarly, let 
(fn and (fn be orthonormal bases for the space © V^, where denotes the 
space of vector and f ° the space of scalar fields, with respect to the ^-inner 
product and the ^f-inner product respectively. Also, denote 
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The relevant factors in (|32j) can be represented as 

j [db], [dc], [dp], [dv]-, [dg]-, ld^], [dB]g [dl3]-, eW.»>ieH<*>.+=- ) . . . 
= jldb], [dc], [dp], [dv], [dg[, ld^], [dB], [dl3], e*°>ie<*>. ■ ■ ■ 

= / l-if-ls [d'^h IMi IMs [dsl e"*"h . . . 
= /|d*|*,|,M,|dB|,det(^.„|,,»3„>... 

= /m, [dv[, [dg], [dB], det (A„|A.>^ det (AM^ det (^,|^,>^ • • • 

= j[dp[, [dv[, [dg], [dB[, det <^.„|A.>, det (AM, ' ' ' 

= j [dp]g [dv]g [dg]g [dB]g det (0p|0m)- det det {(f)n\ig'fp) g ■ ■ ■ 

= j [dp]g [dv]g [dg]g [dB]y det (0p|0„)g det {(j)n\igipp) ^ ■ ■ ■ 

= J [db]g [dc]g [dp]g [d9]g [d^]g [dB]g eK('^W.+--)eW«'=). • • • 

= J [db]g [dc]g [dp]g [dv]g [dg]g [d^]g [dB]g [d/J] , C ^ ^ . ) e ^''H^ ^) . ■ ■ • 

where we have treated various infinite-dimensional determinants informally. 
In the second line we used ^-invariance of the combined matter-Pauli-Villars 
measures. In the third line we integrated over (3 and 7 to obtain 1. In the 
sixth line we used 

[dv]g = [dv]-g det {^p\^q)g , 

and then 

[dp]g = [dp]g det {(pp\(j)m)g ■ 
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We obtain the following action: 



-I / ^B,Ag^^-g^^] 



+ IJV9 {9'' da d,x + Ml XX) + IJV9 {Pab {-^/^ - - 2 g^' u) + c.c. } 

+ M,j ^{^eki)vH' + M, j ^{^eu)g^^g"'g''-pk^PlJ 

-\j ^9 [h 1'' + c.c.) . (34) 

Compared with the original action (jS2I), the h-c term is now ^-independent, 
while the /5-7 term now depends on g. 

We now consider the insertions. These are, in fact, unaffected by the 
above manipulations, since 

or 

' [f^c]g \dv\-g j d^ri e"' ^ = j [dc]g [dv]g / d^r] e^' ^ 
The insertions are therefore still given by (j33|) . 

12 BRST anomalies 

It is straightforward to check, from the BRST-invariant form fj32p of the 
action, that 

^^^ = -i / d'^V9i-^nT\ix,P,v,uj). (35) 

Only the contributions to T\ from the Pauli-Villars mass terms contribute 
here, since the c'^- variance of the ghost term cancels that of the {B, g) gauge 
fixing term. Also note that when using the form (j32|) . the (/?,7) term is 
conformally invariant and therefore does not contribute a variance to ^bS". 
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We may obtain a current associated with 6b by a standard procedure as 
follows. Write the change of variables formula for the path integral 

J [d<f>]' e-'^'^'^ = J m e-^W 

where stands for all the fields in the theory, and where we take the change 
of variables 

4>'{x) = + e(x) Sb4>{x), 

where e{x) denotes a Grassmann-valued function. Since this is a symmetry 
of the massless action for e constant, the variation of this part of the action 
is proportional to derivatives of e which, after a partial integration, would 
give rise to a conserved current ^21 Q] in the absence of additional mass 
terms. Here, the presence of the Pauli-Villars mass terms will give additional 
contributions. 

We note that, as discussed already, the measure is invariant under Sb- 
With this in mind, only the variation of the action contributes in the above 
formula. We start by taking the non-covariantized version (j32j) of the action, 
and we obtain 

+ e(V^(-2 0TKx,P,^,^)--->} (36) 

where the dots denote possible additional insertions outside the support of 
e(x). To derive this formula, note that for the fields (X, x, p, f , /3, 7, cu), the 
transformation under the c*-indexed part of (5b is identical to an infinitesimal 
diffeomorphism parameterized by c*, and we obtain the energy-momentum 
tensor Tij{X, x, p, v) in the usual way. Note also that the (/5, 7) contribution 
is zero, since this term is both diffeomorphism and Weyl invariant and has no 
derivatives, so that no e-derivatives are contributed. Next, note that terms 
proportional to e(x) cancel between the (6, c) and {B, g) terms as in the case 
of constant e, and only the terms containing derivatives of e in the variation 
of the ghost terms remain. 

Note that, by the construction in section^[ changing g^^ at worst changes 
the overall normalization of the Haar measure. As a result, the path integral 
is independent, up to a possible overall gauge shce-independent factor, of 
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the background metric as long as any further ghost insertions are in the 
specific format required for fixed vertex operators. 

However, the above expression contains an exphcit instance of g that 
is not in an overall normalization position, in seeming contradiction with 
this statement. This is resolved by noting that from the (6, c) term in the 
action it is easy to see that propagators involving the combination ^/gbij are 
independent of g. 

This remark also explains why the above expression will be finite due to 
cancellation of self-contraction divergences between fields and their Pauli- 
Villars partners, as expected for our covariant regularization. Indeed even 
though the (p, v) term has no (^-dependence, the combination ^/g pij will have 
the same propagator as ^/ghj. 

Note that we are free to choose g^^ = g^^ for a fixed choice g^^ of gauge 
slice. However, slice independence of the path integral is only valid as long 
as we vary g independently of g. Otherwise the Haar normalization factor 
would become dependent on g, and gauge slice independence of the path 
integral would be broken. 

To avoid this issue, and to avoid dealing with two different metrics in the 
resulting conservation law, it is worth comparing the above identity with the 
one we would have obtained if we had started from the covariantized action 
fj3l|l instead. It would be 

= ^y" rf'x|(2V;e) {{^ciT,,{X,x,P,v,uj) + ^kkcid,c')---) 

+ Vabab i-S/'^/ - - 2 g'^' c-) + '-V^ (A, + c.c.) 

and since the actions were argued to be equivalent, this identity should be 
equivalent to the first identity (jHBj) above as long as any further ghost inser- 
tions are in the specific format (jHSj)- 

To see that this is true, note that the ghost term in the first line now 
depends on ^/g, but now so does the corresponding term in the action (j^ . 
so that propagators involving ^/ghij will be the same as propagators involv- 
ing ^/ghij in the first version above. The new terms on the last line will 
compensate each other. In particular, from the action we can read off that 
the contraction of ^/ghab with — V^c^ — V^c" — 2g°-^&' is the same as the 
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contraction of — | jSij with 7*-'. As a result, self-contractions on the last line 
cancel. Furthermore, if ■ ■ ■ contains vertices with accompanying c-ghost fac- 
tors, these may contribute contractions with bat in the first term, but the 
result is then proportional to —V^c^ — V^c" — 2 g""^ d^, which vanishes by the 
equations of motion in the expectation value under the stated assumption 
on the content of ■ ■ ■ . We also assume that ■ ■ ■ contains no 7) dependent 
insertions. As a result of all these arguments, both terms on the last line 
may be dropped completely, and we obtain a nice identity without explicit 
^-dependence. 

= ^y" rf\|(2VV) {{^ciT,,{X,x,p,v,u) + ^kkC^d,c'')---) 
+ e((-20 ^T\{x,P,v,uj) ■■■)], 



Performing the integral over g, which applies the gauge-fixing delta function 
fixing g = g, we get 



= j d'x^eix) {{-V {ciTi^{X,x,P,v,uj) + b,kcid,c'') -c^T\{x,p,v,u)} 

Since e(x) is arbitrary, we find the covariant conservation law 

{\/'j,---)^ = -{c-T\iX,x,P,v,u)---). 

as long as no other insertion is at the point in question. Here the BRST 
current is 

ji = c'TijiX, X, P, V, uj) + hk (^djC^ 

Remembering that c^djc^ = | £cC^, we note that ji dx^ is indeed a coordinate- 
invariant, true tensor quantity. Also note that the anomalous quantity 
T\{x, P,v,Lj) on the right hand side does not include contributions from 
(S, (yf, /?, 7), even though the corresponding terms in (jH^ are not Weyl in- 
variant. 

When no other insertion coincides with T\, we may replace 

12 ' 

where R is the curvature of g and c is the total central charge, and we get 
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Finally, c will be calculated in section and shown to be zero in dimension 
(i = 26, in which case we indeed get a non- anomalous covariant conservation 
law. 

We may also use the equation of motion, valid in expectation values, to 
replace 



on the right hand side. 

It is essential to understand that, just like the energy- momentum ten- 
sor in the covariant regularization p], this current is finite. Divergences 
arising from self- contractions of the second term are exactly canceled by 
self-contractions of the Pauli-Villars contribution c^Tij{p,v). As a result, 
no covariance-spoiling renormalization is needed, in contrast with the usual 
operator formalism fl^.. 

Since the Pauli-Villars regularization is coordinate- independent, and pro- 
vides finite insertions without the need for further renormalizations [I], the 
BRST current ji dx^ is by construction a true coordinate-independent tensor 
quantity. In this the current formalism differs from the operator formalism, 
where the renormalizations depend on a coordinate choice, leading to an 
anomalous transformation law for the current ^21- The j constructed here 
does not transform anomalously but instead contains extra contributions. To 
see this clearly, take g to be the flat metric, so that we may write 



The terms on the second line do not vanish in our covariant regularization, 
since they may contribute contact terms to expectation values. It is obvious 
that dropping some of these terms, as is done in the usual operator formalism, 
would lead to a non-covariant, non-tensor object. 

We may follow a similar procedure to obtain Ward identities involving 
insertions, where the current acts as generator for the 5b- Concretely, if 0{x) 
is an isolated insertion, the same argument, using an e{x) that is nonzero only 
in a neighbourhood of x that contains no other insertions, gives the Ward 
identity 





(37) 
(38) 



= eix) I 



(fx e{x) {0{x) [V'ji + c^T\{x. P, u 



(39) 
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If we take e(x) = e on a neighbourhood of x and e outside this neigh- 
bourhood, the first term is then a total derivative, which can be integrated to 
give a BRST charge. As noted above in ()38p . this charge will contain terms 
proportional to boundary integrals of 

T^^-(X, X, p, V, u) + ed^c^ + c^d-^c^ + b^^ c'd.c' 

that are not there in the usual operator formalism. 

However, since these extra contributions may only contribute contact 
terms, and since the insertion in (j39p does not touch the boundary, we may 
drop them to obtain the usual holomorphic BRST charges. Note that the 
Pauli-Villars contributions in 

c^T,^(X,x,p,f,t^) 

cannot be dropped, even though they can only give rise to contact terms when 
contracted with the insertion, since they also contribute self-contractions that 
cancel divergences arising from self-contractions of the matter and the ghost 
terms pQ. 

In (|39|). it is important to note that the second term on the right hand 
side is not a total derivative, and cannot be directly converted into a surface 
integral. Since it can touch the insertion, we cannot simplify it as we did in 
the case of current conservation above. Due to the presence of this term, the 
formula (j39p generates the classical, non-anomalous BRST transformation 
6b- 

This is indeed the expected behaviour of a coordinate-invariant, Pauli- 
Villars based regularization, as we have seen also in the case of the energy- 
momentum tensor Ward identities in sectional As there, this Ward identity 
can be related to the usual operator formalism identity jT2| by non-covariant 
operator redefinitions, which would be as unnatural in the present context 
as they were in section |3| Possible anomalies, leading to the physical state 
conditions, present themselves in a different way, as we shall see below. 

At first glance it may seem as if the above Ward identity cannot pos- 
sibly be correct. Since ji contains no instances of the field Bij conjugate 
to g^^ , it would appear that the formula (jHUj) cannot be used to generate 
transformations of O = g^^ . However, one should remember that we are de- 
riving identities that are true inside expectation values. For example, taking 
O = g^^ , the right hand side of vanishes, while the left hand side is just 
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the expectation value of SbQ^^ so that we obtain 

(-VV - V^d - 2 d^g'^ ■■■>§ = 0, (40) 

which simply states that the expectation values satisfy the classical equations 
of motion. 

The physical state condition may be recast as follows in the BRST lan- 
guage. We restate the requirement, considered in section |H1 that 

be independent of the choice of gauge fixing function indexed by g. 
= -iJd^x^ (V{x) B,^{x) ■ ■ ■) 6g'^{x) 
(fx ^ (V{x) dnhjix) ■ ■ ■) 5g'\x) 
fx V^jdfi V{x) {dsb^jix)) 6g'\x) ■ ■ ■ 
-J dfx(^{SBV)ix) - j dfiV{x) (SbS) e"^^ j d^x^hij{x) 5g'^{x)--- + 
5b - 5bS^ V{x) j d^x VI Sg'^ix) ■ ■ + ■ ■ ■ , 



where we may use either action (|32|) or (j34j) . Again we have used that the 
measure is BRST-invariant, or 

dfi6B{- ■ ■) = 0. 

The fact that we shall obtain the correct physical state conditions constitutes 
an independent check that this is indeed correct. 

It is now obvious where the quantum condition differs from the classical 
one. Indeed, as noted in the Pauli-Villars regularization contributes 

mass terms to 5", so that 

'^^^ = -i^ / d'x^{-2cnT\{x,p,v,u;)^0. 
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The trace of the energy-momentum tensor contributes contact terms in the 
hmit of infinite Pauh-Villars masses. For example, for the tachyon 



ikX 

5 



V = ./g e,j cV e 
we obtain, in conformal coordinates, 

where terms containing dc and dc have canceled between and 5b(cc), 

so that 

1 ' .2. 



Choosing 5g'^^ = —2g^^6uj, and then contracting 

c-{z)b;{u)^6'{z,u) 

gives 

= ^ (^2 6u;{z) V{z) + 1- j d'w {-4 6u;{w)) (T^^ + T^^) V{z) 

which is exactly the same condition as the one obtained for the tachyon in 
section |H1 

The requirement of gauge slice invar iance of the partition function with 
no insertions can be restated by taking \^ = 1 in the above argument to get 

= jd^xy^ {5Bhy)5g'K (41) 

If this is violated, the theory has a conformal anomaly. 

Such an anomaly can also be restated a non-invariance of the effective 
action under a quantum version of the BRST transformation to be defined 
below. In the Lagrangian formalism considered here, this will be the most 
natural statement of the anomaly, usually encoded in the operator formalism 
in terms of ^ 0. Note that our transformation 5b acts on the classical 
fields involved in the path integral and satisfies 

5| = 
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by construction. Given this property of Sb-, then in accordance with the 
discussion of this issue in pT|, any possible anomaly will be reflected in a 
failure of invariance of the effective action F under the quantum version of the 
BRST transformation 5b which, following the analysis of [22] , is expressed 
as 



where ranges over all the fields in the action, and J denotes a set of sources 
for the fields The values of the sources J are fixed by the requirement 
that 0i = 

It is now convenient to use the ghost-covariantized form (j34|) of the action, 
so that we can use manipulations similar to those performed in section|Hl The 
only possibly non-vanishing contribution to the above integral is then given 
by the term 



where fe^^ = 6/, where Rg denotes the curvature, and where c measures the 
combined anomaly of the matter and ghost energy-momentum tensor of the 
action S. Since we are using the action (jMj) . there is no /3-7 contribution. 

Although this always vanishes for a flat world sheet, remember that the 
effective action is a functional of all the fields in the original action, including 
all configurations of gij. It is not sufficient for its variation to vanish only 
on a set of critical points in the space of Qij. Rather, the variation of the 
effective action must vanish on its entire domain, which then implies that c 
must be zero in a consistent gauge-invariant quantization. 

We may simply relate the above BRST invariance condition to the pre- 





dV 



(42) 



(43) 
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vious condition of gauge slice invariance. Identifying 



obij 



5 



in other words, calling the external source for by, needed to define the effec- 
tive action, by the name 6g^^ , we see that this BRST- invariance condition is 
equivalent to the condition PT|) for gauge slice invariance of the path integral. 

We may also relate the above invariance condition to the anti-bracket 
formalism [221 follows. Simply notice that, in our gauge-fixed action, g^^ 
is the external field coupling to the variation Ssbij = Bij. Considering the 
effective action F as a functional also of cjij, the above equation ()43|) becomes 



{T,T)= I Sx—.—- = — (fx Rg — 



The condition that this should vanish is called the Zinn- Justin equation. 



13 D=26 

In pp, it was shown that each matter field X, together with its Pauli-Villars 
partners Xiy contribute c = 1 to the anomaly. In this section we show that, in 
the current formalism, the ghosts, together with their Pauli-Villars partners, 
contribute c = —26 to the anomaly. 

As in [T|, the anomaly can be read off from the coefficient multiplying the 
contact term 

which we will now calculate for the ghosts and their partners. Before we do 
so, starting from the action ()H4|1 . we change variables 

UJ -^uj ~ - ViV , 

which has trivial Jacobian in the path integral for the same reason that 

{dx + X dy) Ady = dx A dy, 
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and we obtain a ghost action of the form 

Sgh = j Vabab (- V"c^ - VV + g'^' V,c^) - 2 y 7^6/ 
+ PV. 

This action will be simpler than the original in conformal coordinates. 
First, we note that the factor 

J [dbj [dc-] [dp J [du] exp (^2y" Vl6/c- + 2^ v^p/u;) 

in the path integral is independent of g. This is trivially shown by differen- 
tiating with respect to and using 

As a result, these terms do not contribute to the anomaly and may be ignored. 
The remaining terms may be expressed in holomorphic coordinates as 

^ = ^ y I - (20) e - b,, {2d) e 
- e {2d) - e {2d) 



where we have given small mass terms to the ghosts, to be taken to zero in 
the end, of the same form of the corresponding Pauli-Villars mass terms in 
fl34p . All dependence on h-^z cancels. For now we have kept the Weyl factor 
ijj defined by gij = e^"^ 6ij nonzero, so that from 

we may read off 

Tzz = 2n i^ — - rh bb + m cc 
at = 0. Here we abbreviated b = bzz, b = bzz- 
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We may read off the propagator of (6, b, c, c) from the action. At the point 
of interest = 0, it is given by 



1 



Add + mm 



/ m 2d \ 

-m 29 

2d -m 

\ 2d m / 



We would hke to calculate the ghost contribution 



{T,,T^^) = {27ry\-m^{biz)b{w)){b{z) b{w)) 

+ mm {b{z) c{w)) (b{z) c{w)') 
+ m^ {c{z) c{w)) {c{z) c{w)) 



The first term is 



-ip-x 



+ PV 



(Pk 



(44) 



1 



(27r)^ J {2nY [k"^ + mm] [{p — k)"^ + mm] 

which was calculated in [T] to give 

27r 



12 



dd5\z-w) 



(45) 



in the limit m,m —>■ and Mp, My —>■ oo, given that appropriate Pauli-Villars 
relations on the masses are satisfied. Similarly, the third term is 



{271 fm^ m^ 



which gives 



(2^ 



-ip-x 



(fk 



1 



(27r)2 [k'^ + mm] [{p — k)"^ + mm] 



— dd6\z-w) 
12 ^ ' 



(46) 



in the limit. The second term can be written, with the notation k = ki + ik2 
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in numerators, as 



{2'kY mm 



(27r)2 
1 



-ip-x 



(fk k 



p — k 



(27r)2 [k'^ + mm] [{p — ky + mm] 



+ PV 



(2n) mm 



(27r)^ mm - 



<Pp 

cPp 
(2^ 



-ip-x 



(Pk 



k{p — k) + k{p — A;) 



(27r)2 + mm] [(p — kY + mm] 
(fk 



PV 



(2vr) 



1 



1 



{p — ky + mm k'^ + mm 

p^ + 2 mm 
[k"^ + mm] [{p — ky + mm] 



PV 



The first two terms are proportional to 

mm In 



+ PV 



mm 



which vanishes by the usual conditions on the Pauli-Villars masses and statis- 
tics. The Fourier transform of the last term may be rewritten as Jlj 



2(27r) 



dfi c{fi, m) 



2m 



P^ + /i^ 





+ PV^ 


m'^ 





where the spectral function c(yU, m) is given in To save space on notation, 
we have set m = m. The contribution proportional to the +2 in the square 
brackets was calculated in [1\ to give, in conjunction with the Pauli-Villars 
contributions, the result 



^ 2 

6^ 



(47) 



The term proportional to p^ /m^ may be rewritten as 



(27r) 



TT 

2 V3 

1 /TT 



2(27r)2^ 



d^c{^,m) — - — 
2m V + At 



fx 



4 U,^ ^ 



3 dr] 



1 



1 2 r^' 



2^2 



Ap T] 



p2 -|- 2m'^rf 



p2 + ^2 



The first term is independent of m, and will vanish in conjunction with the 
Pauli-Villars contributions by the usual condition ^ q = on the statistics. 
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The second term vanishes for the Pauh-Villars fields in the hmit M — oo, 
and only the ghost contribution remains, which for m — is given by 

= -\p'- (48) 

Adding ()47|) and ()48p . and taking the Fourier transform, we obtain the result 

167r 



12 



dd5\z-w) (49) 



for the second term in ()44j). Adding the three contributions ()45|) . pUj) and 
()49|) . we finally obtain, for the ghosts and their partners 

{T,,T^^) = '^dd5\z-w). 

From this, we can read off ^ the ghost contribution 

c= -26 

to the anomaly. 



14 Conclusion 

In this article we discussed a covariant functional integral approach to the 
quantization of the bosonic string. We showed that interesting operators 
could be renormalized as true tensors, independently of whether the theory 
has a Weyl anomaly. As a result, issues related to the anomaly could be 
isolated more clearly. This method of operator renormalization is in principle 
of wider applicability to covariant theories that are not Weyl invariant. 

Also of wider applicability in generally covariant theories is our construc- 
tion of a class of background-independent path integral measures, as well as 
the construction of the BRST action from first principles and the discussion 
of its background invariance. Interestingly, the BRST action could not be 
written in a background-independent way, although we showed that one has 
some freedom in shifting the dependence on a background metric from one set 
of terms to another. However, it should be emphasized that this background 
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dependence is completely innocuous, since no dependence on the background 
metric remains in the physical results. 

Overall, the familiar string theory results are all reproduced in the current 
formalism. What is interesting, and instructive, is that they are encoded in 
the formalism somewhat differently from the usual approaches. The formal- 
ism of this paper separates the issue of operator renormalization very cleanly 
from the concern of anomaly analysis. 
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